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Likelihood ratio, optimal decision rules,
and correct response probabilities in a signal
detection theoretic, equal-variance Gaussian
model of the observer in the 4IAX paradigm

CHRISTOPHE MICHEYL and DAVID P. MESSING
Massachusetts Institute of Technology, Cambridge, Massachusetts

This article provides a synthetic account of the likelihood ratio, optimal decision rules, and correct
response probabilities in a signal detection theoretic model of the observer in the dual-pair compari-
son, or four-interval AX (41AX), paradigm. The model assumes a static sampling process, resulting
in four, equal-variance normally distributed (i.e., Gaussian) observations on each trial. First, a likeli-
hood ratio equation allowing for an arbitrary degree of correlation between observations is provided.
Specific solutions for the cases of independent and highly correlated observations are then derived.
It is shown that these solutions, and the associated decision rules, correspond to those provided in-
dependently in earlier publications. A modified 4IAX paradigm involving, as a standard, an additional
stimulus (C) located medially between the A and the B stimuli is also considered. It is shown that the
optimal (static, equal-variance, Gaussian) decision model for this paradigm is unaffected by correlation
between observations and is equivalent to the standard 4IAX with highly correlated observations. Fi-
nally, we consider how, under the considered (static, equal-variance, Gaussian) model, the proportion
of correct responses in the different versions of the 41AX paradigm is related to d’, and a solution for
the case of independent observations is provided.

This article is concerned with the psychophysical par-
adigm known as the four-interval AX (4IAX) paradigm,
the dual-pair discrimination paradigm, or the four-interval
same—different (SD) paradigm (Creelman & Macmillan,
1979; Macmillan, Kaplan, & Creelman, 1977; Noreen,
1981; Rousseau & Ennis, 2001). In this paradigm, two
pairs of stimuli are presented consecutively. One pair con-
tains two stimuli that differ along at least one dimension—
for instance, two tones of different frequency or pitch.
The other pair is composed of stimuli that do not differ
along that same dimension—for instance, two tones hav-
ing the same frequency. The order of presentation of the
two pairs is randomized, and the two possible orderings
are, in general, equally likely. The subject’s task is to in-
dicate in which order the pairs were presented; typically,
the instructions are to report whether the pair containing
the stimuli that differed along the relevant dimension (in
our example, frequency or pitch) occurred first or second.
In the standard version of the 4IAX paradigm, there are
two basic stimuli, A and B, and eight possible stimulus se-
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quences: AAAB, AABA, ABAA, BAAA, BBAB, BBBA,
ABBB, and BABB. This standard form of the 4IAX para-
digm has been used, for instance, in speech perception
studies (e.g., Beddor & Krakow, 1999; Hoffman, Daniloff,
Bengoa, & Schuckers, 1985; Pisoni & Lazarus, 1974;
Ramus et al., 2003). It is important to distinguish between
the 4IAX paradigm, which is the object of this article, and
other psychophysical paradigms, some versions of which
may also involve four observation intervals. This is the case,
in particular, of the four-interval oddity task (wherein three
intervals contain the same stimulus, whereas the fourth in-
terval, chosen at random, contains a different stimulus, and
the observer’s task is to indicate which interval contains
the odd stimulus) and of the four-interval, four-alternative
forced choice task. Decision models for these tasks have
been discussed in detail in earlier publications (e.g., Frit-
jers, 1979; Versfeld, Dai, & Green, 1996).

Although decision models for the 4IAX paradigm have
been considered in earlier publications (Macmillan et al.,
1977; Noreen, 1981; Rousseau & Ennis, 2001), as of yet,
no synthetic account has been provided. In particular, two
different decision strategies have been independently pro-
posed for this paradigm (Macmillan et al., 1977; Noreen,
1981), but the relationship between these two strategies
remains unclear. The first decision strategy consists of
comparing the absolute differences between the two ob-
servations in each pair and of selecting the pair for which
the difference is larger (Macmillan et al., 1977); decision
strategies, such as this one, that involve judgments based
on differences between observations are traditionally re-
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ferred to as differencing strategies (Macmillan & Creel-
man, 1991; Noreen, 1981). An alternative was proposed
by Noreen. In this alternative strategy, the observer treats
each pair of observations in the 4IAX paradigm as an SD
paradigm. He/she computes the likelihood ratio that the
considered pair contains different stimuli and compares
this likelihood ratio to that of the other pair. Finally, he/she
selects the pair associated with the larger likelihood ratio.
Since this strategy assumes that the different observations
are statistically independent, it is traditionally referred to
as the independent observations strategy.

A common source of correlation—and thus, of statisti-
cal dependence—between observations is the use by ex-
perimenters of across-trial stimulus roving. For instance,
if in a frequency discrimination experiment in which lis-
teners have to discriminate a tone of frequency fand a tone
of frequency f+A fand the baseline frequency, f, is roved
across trials, the observations evoked by the two tones
will be correlated. The degree of correlation between
observations depends on the extent of the roving; wide-
roving ranges result in high correlation between obser-
vations. Dai, Versfeld, and Green (1996) have previously
demonstrated that in the basic two-interval SD paradigm,
the optimal likelihood ratio decision rule under a static-
sampling, normally distributed, equal-variance observa-
tions signal detection theoretic model depends on the de-
gree of correlation between the observations: Although
a differencing strategy is optimal when the observations
are highly correlated, when they are independent, the op-
timal strategy is one that takes into account the absolute
position of the observations. The notion that the degree
of correlation between observations can impact perfor-
mance can also be understood from a pragmatic stand-
point by considering that when the stimuli are roved over
a wide range, real observers—whose memory capacity is
limited—cannot accurately keep track of all the possible
stimulus alternatives.

The present article can be thought of as an extension to
the 4IAX paradigm of the type of theoretical unification
achieved for the SD paradigm by Dai et al. (1996). Assum-
ing, like many previous authors (Creelman & Macmillan,
1979; Macmillan et al., 1977; Noreen, 1981; Rousseau &
Ennis, 2001), a simple static-sampling model with nor-
mally distributed equal-variance observations, we will use
the notion of statistical correlation between observations
to demonstrate that the two previously proposed decision
strategies for the 41AX paradigm are, in fact, particular
cases of a more general likelihood ratio decision strategy,
which allows for an arbitrary degree of correlation be-
tween the observations. We will demonstrate that when
the correlation between observations is zero, the optimal
likelihood ratio decision rule in the considered, normally
distributed, equal-variance, observations model is as de-
scribed by Noreen, whereas when the correlation tends
toward one, the optimal decision rule under the considered
model is as described by Macmillan et al.

In addition to considering the standard 4IAX paradigm,
which includes two basic stimuli and eight possible stimu-

lus sequences, we will consider a modified version of this
paradigm, which involves three different stimuli (A, B,
and C) but only four different stimulus sequences (CCAB,
CCBA, ABCC, and BACC). The single reference stimu-
lus, C, is intermediate between the two different stimuli
(A and B) along the relevant dimension. For instance, the
reference stimulus is a tone of frequency f, whereas the
A and B stimuli are tones of frequencies f+Af and f—Af,
respectively. This modified version of the 4IAX paradigm
has been used in several studies on auditory perception in
recent years (e.g., Carlyon, Moore, & Micheyl, 2003; Car-
lyon & Shackleton, 1994; Plack & Carlyon, 1994). How-
ever, perhaps because the underlying model for this modi-
fied 4IAX paradigm had never been examined in detail
until now, the results of these studies were analyzed as if
they had been obtained using a 2I-2AFC paradigm. Here,
we will clarify the underlying model for this modified ver-
sion of the 4IAX paradigm. It will be shown that under the
considered normally distributed, equal-variance observa-
tions model, the optimal decision rule for this particular
version of the 4IAX paradigm is, in fact, the same as that
for the standard 4IAX paradigm with highly correlated
observations; a surprising outcome is that this rule does
not itself depend on the degree of correlations between
the observations.

Another question of potential importance for experi-
menters, which will also be considered in the present ar-
ticle, is how the optimal decision rules derived above can
be used to derive predictions of the proportion of correct
responses achieved by an ideal observer making optimal
use of four static, normally distributed, equal-variance ob-
servations per trial in the 4IAX paradigm. In their 1977
article, Macmillan et al. provided a formula relating d’
to proportion correct under the differencing strategy for
the 4IAX paradigm. A different but equivalent expression
involving a noncentral beta distribution was more recently
derived by Rousseau and Ennis (2001). However, to our
knowledge, an equation relating proportion correct to d”
in the case of the 4IAX paradigm with independent (nor-
mally distributed, equal-variance) observations has not
been described in earlier publications. Such an equation
will be derived here.

Basic Assumptions and Model

The signal detection theory model considered here as-
sumes that the listener makes four observations on each
trial—one observation per stimulus. Each observation is
modeled as a quantity, x; (with i = 1, 2, 3, or 4), propor-
tional to the value, f;, of a physical stimulus parameter
(e.g., frequency or intensity) or some nonlinear transfor-
mation of it (e.g., level in decibels), plus a random per-
turbation, which reflects internal noise; formally: x; =
af; + n;. The internal noise is assumed to be normally
distributed, with zero mean and a constant variance, 2.
Each stimulus parameter value, f;, is modeled as the sum
of three components: (1) a constant, £, which corresponds
to the reference value of the stimulus parameter (e.g., the
baseline frequency in a frequency discrimination experi-
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ment); (2) arandom deviation, 7, which corresponds to the
amount of roving applied to all four stimulus parameter
values on the considered trial (on each trial, » is drawn
from a Gaussian distribution with zero mean and a con-
stant variance, 02); and (3) another deviation, A;, whose
value depends on the type of stimulus being presented. In
the standard 4IAX paradigm, only two types of stimuli are
used. They are traditionally designated by A and B. These
stimuli correspond to two different stimulus parameter
values, f, and f, separated by a distance, A, and equidis-
tant to the reference value, f,. Thus, if f, > f5, we have
fa=/fo T r+A2,and fz =f, +r — A/2. Amodified ver-
sion of the 41AX paradigm, which will also be considered
in this article, uses as a standard a third type of stimulus,
C, the position of which along the physical continuum is
located halfway between those of A and B, so that f. =
(fa *+ f5)/2. The full observation model is, thus, x; =
a(fy + r + A)+ n;, where A, can take a value of +A/2
(for Stimulus A) or —A/2 (for Stimulus B) in the standard
4TAX with roving and can additionally take a value of zero
(for Stimulus C) in the modified 41AX paradigm.

To simplify the derivations, the original vector of ob-
servations, X = [x,, X,, X3, x4]7 is transformed into an-
other vector of observations, ¥ = [y, ¥, ¥3, ¥4]7, using
the following equation: y; = (x; — afy)/o. It can be shown
that the variance of the transformed observations, V[ y,] is
a’0%/o? + 1. For simplicity, we define 02 = a02/02, so
that, in the calculations below, V[ y,] appears as 0% + 1.
It can also be shown that the difference between the ex-
pected values of the transformed observations conditioned
on the occurrence of Stimulus A and B, respectively—that
is, E[ y|A] — E[ y;/B]—equals aA/o . This quantity, which
we call d, is related to the index of performance from sig-
nal detection theory, d—which is traditionally defined
as the difference between the means of the internal dis-
tributions of activity evoked by the two stimuli that must
be discriminated, divided by their common standard de-
viation (Green & Swets, 1966; Macmillan & Creelman,
1991)—by the following equation:

d’' = d

Jato? 16? +1

The use of the transformed variables, instead of the origi-
nal ones, substantially simplifies the derivations and im-
plies no loss of generality: The solutions that are given
below in terms of the transformed variables can easily be
expressed, instead, in terms of the original variables by
substituting (x; — afy)/o for y,, a’02/0? for 62, and

d’\Ja*c? | 6% +1

for d.
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The Likelihood Ratio for the Standard 41AX
Paradigm Under the Equal-Variance Normally
Distributed Static Observations Model

In the standard 4IAX paradigm, as was indicated above,
there are eight possible stimulus sequences: AAAB,
AABA, ABAA, BAAA, BBAB, BBBA, ABBB, and
BABB. Let us define two possible events (or hypotheses),
D1 and D2, which correspond to the presentation of the
pair containing the different stimuli first or second, respec-
tively. We seek to express the ratio of the likelihood, A, (Y),
of observing the vector of observations Y given that the
pair of different stimuli was presented first, to the likeli-
hood, 1,,(Y), of observing Y given that the pair of different
stimuli was presented second. Formally, this can be written
as MIAXp py (V) = fyipi(Y IDD/fy po(Y |D2) X P(D1)/
P(D2), where fyp,(Y|D1) and fy p,(Y|D2) are the prob-
ability density functions of the observations, conditioned
on events D1 and D2, and P(D1) and P(D2) are the a priori
probabilities of events D1 and D2, respectively. Since this
is almost always the case in experimental studies, we will
assume in the following that the different possible stimulus
sequences are all equally likely a priori and that P(D1) =
P(D2). With these additional assumptions, the formula for
the likelihood ratio simplifies to Equation 1 at the top of
this page. Each probability density function in the expres-
sion below is of the form

1 () 27 (r-p)
2

e

where S'is the type of trial considered (S = ABAA, BAAA,

AAAB, AABA, ABBB, BABB, BBAB, or BBBA). X2 is
the variance—covariance matrix,

fy|S(Y‘S)= > (2)

2 2 2 2
o+l o Op Ox
2 2 2 2
2 | Ok o, +1 o O
Z ) 2 2 2 ) 3)
Ox Og o+l op
2 2 2 2
Ox Opr O op+1

I¥2| is the determinant of the variance—covariance ma-
trix (|X?| = 40%+1 in this case). X, 2 is the inverse of the
variance—covariance matrix,

30;+1 -0z -0, —0On
5o 21 -or  3or+l —0n -0y 4
4oy +1|-02  -02  30x+1 —0p
-0, -0y -0y  3or+l

where (see matrix on next page)



728  MICHEYL AND MESSING
(,d ,d . d_d]
+d 1 d d _df g AAAB
"2 2 27 2
~ a7
+d . d _d d|irg- AABA
"2 2 27 2
_ a7
+d _d d d| g - ABAA
T2 2 27 2
~ a7
~d d 1 d L d]ifs = BAAA
L2722 2
H=9" -7
~d _d _d  di g BBBA
L2727 27 2
~ a7
~d _d d _d|i5-BBAB
[ 27 27727 2
- AT
~d ,d _d _d g BABB
L2727 27 2
- aT
+d _d _d _d|irg_ ABBB
2727 27 2]

After plugging Equations 2—4 into Equation 1 and sim-
plifying, which was done with the aid of Mathematica
(Wolfram Research Inc.), one finds Equation 5 below,
where d is, as defined above, the unsigned difference be-
tween the means, u, and ug, of the probability density
functions of the transformed observations evoked by
Stimuli A and B.

Independent observations. By definition, the correla-
tion coefficient between the observations from each trial is

When the observations are uncorrelated, p = 0 and 0% =
0. Setting 0% to zero in Equation 5, we obtain the likeli-
hood ratio for the standard 4IAX paradigm with indepen-
dent observations (4IAXio):

dy, _i_edy2
A41AXio vy, = [
Dl,DZ(yl BOTRS y4) (edys ol

d(y;+y,
_|:1+e (v y)i| ©)

1+ ed(yl+y2)

This formula is equivalent to that obtained by following
Noreen’s (1981, p. 275) three-step decision rule for the
41AX paradigm with independent observations. Specifi-
cally, Noreen pointed out that the two observations from
each pair in the 4IAX paradigm could be likened to the
first and second (single) observations in the SD paradigm,
whereas the two pairs of observations in the 4IAX para-
digm could be likened to the two (single) observations in
the two-interval two-alternative forced choice (2I-2AFC)

I )

paradigm. On the basis of these analogies, he proposed
that the likelihood ratio for the 4IAX paradigm should
correspond to the ratio of two likelihood ratios, each hav-
ing the same form as the likelihood ratio for the SD para-
digm, one based on the first two observations, the other
on the second two observations. The optimal likelihood
ratio for the independent observations strategy in the SD
paradigm is, according to Noreen,!

1 + ed(yl +yZ)
ASD o (v1o32) =40 4 ™
Forming the ratio of two such likelihood ratios, for two
pairs of observations ( y; and y,, and y; and y,) one obtains
Equation 6. Thus, in the case of independent observations,
the likelihood ratio for the 4IAX paradigm is as suggested
by Noreen (1981).
Solving Equation 6 for A4IAXiop, p,(Y) > 1, which
corresponds to responding “D1,”

1+ ed(yl+y2) 1+ ed(J’3+J’4) )
e e oM h e
This reduces to
VY2 <V3Vs ©)

Conversely, for A41AXiop,; p, (Y) < 1, which corresponds
to responding “D2,”

1+ed(yl+y2) 1+ed(y3+y4) (10)
edy1+edy2 edy3+edy4 .
This reduces to
Y1Y2 = V3 Vs (11)

Equations 8 and 10 reveal that the optimal decision rule
in the standard 4IAX paradigm with independent obser-
vations involves a comparison between two likelihood
ratios, which are derived from the first and second pairs
of observations, respectively. Each of these likelihood ra-
tios is of the same form as the likelihood ratio for the SD
paradigm in the case of independent observations (Equa-
tion 7). Thus, the optimal observer in the 4IAX paradigm
with independent observations is one that treats each stim-
ulus pair as an SD trial, computes for each pair a quantity
equal to (or monotonic with) the likelihood ratio given by
Equation 7, then compares the two resulting values and,
finally, selects the pair that is associated with the smaller
value as that containing the different stimuli. From that
point of view, as has been pointed out by Noreen (1981),
the 4IAX paradigm can be conceived of as a 2[-2AFC
paradigm with the two stimuli, A and B, replaced by same
and different stimulus pairs.2

Highly correlated observations. If the stimuli are
roved over a relatively wide range across trials, then

)‘4IAXD1,D2 (Y) = ed(J/z =)

(1+ed[y3—y4])(1+ed[yl+y2+20'12((y1+y2—y3—y4)]/[1+46,2e])

)



0%>>1, and p — 1. This situation is traditionally re-
ferred to as highly correlated observations. The likelihood
ratio for this case can be found by replacing 02 by + in
Equation 5; it is

A4IAXhCOD],D2 (y,,yz,y3,y4) =

d
S\t
(edyl +6dy2)62( 3 4)

i o, 7 . (12)
e™ +e S+2)
e
This can be rewritten as
A4l Q{hCODl,DZ(yl’yZ’yS’y4) =
d.d d. d
22, M0
e e + e e 13
7, 4, 4, a,
3 4 — 3 4
e? e 2 + e 2 e

Using the fact that cosh(z) = (ez + e~2)/2, Equation 13
can be reexpressed as

Cosh[%(yl - yz)}
COSh[%(yz - y4)]

Solving Equation 14 for A41AXhcop; py(Y) > 1, we
find3

/14IAthoD1’D2(yl,yz,y3,y4) = . (14)

W1 =yl > 1y3 =yl (15)
Solving Equation 14 for 241AXhcop, py(Y) < 1, we find

vy = 2ol <lys = yal- (16)

Thus, when the observations are correlated, the optimal
(likelihood ratio) decision rule in the 4IAX paradigm with
a single, median standard is to compare the absolute differ-
ences between the two observations from each pair. This is
the decision rule suggested by Macmillan et al. (1977).

The Likelihood Ratio for the Modified 4IAX
Paradigm Under the Equal-Variance Normally
Distributed Static Observations Model

In the past decade, several studies of auditory percep-
tion (e.g., Carlyon & Shackleton, 1994; Plack & Carlyon,
1994) have involved experiments in which listeners were
asked to indicate which of two consecutive pairs of simul-
taneous stimuli occupying different frequency regions con-
tained stimuli that differed along one parameter, such as
level (Dai & Green, 1992), fundamental frequency (Carlyon
& Shackleton, 1994), frequency modulation depth (Plack
& Carlyon, 1994), frequency modulation phase (Carlyon
et al., 2003), or amplitude modulation phase (Strickland,
Viemeister, Fantini, & Garrison, 1989). Ifit is assumed that
listeners made at least one observation for each stimulus,
those experiments can be thought of as involving a modi-
fied 4IAX paradigm, which uses a single reference stimulus,
C, whose position on the relevant physical or sensory con-
tinuum is halfway between the A and the B stimuli. In most,
albeit not all, of the studies cited above, the stimuli were
roved widely along the relevant continuum across trials.
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Because of the use of a single standard, the likelihood
ratio for this modified 4IAX paradigm contains only two
terms in its numerator and two in its denominator:

/14IAXmDLD2(Y) =

fy (Y |ABCC) + f, (Y |BACC)
f, (Y |CCAB) + f, (Y |CCBA)’

and the mean vector, u, can take one of only four possible
sets of values—namely, u = [0, 0, +d/2, —d/2]T if the pre-
sented stimulus, S, equals CCAB, u = [0, 0, —d/2, +d/2]T
if S = CCBA, u = [+d/2, —d/2, 0, 0]Tif S = ABCC, and
u=[—d2, +d2,0,0]7if § = BACC. Apart from this,
the same derivations as those above (Equations 2—4) can
be used in order to find the fully developed likelihood
ratio for this case:

(17)

. (18)

d
S\t
edy] +edy2j 62(3 4)

A4TAX Y)=
mD1,D2( ) [edy3 + oW

eE(yl +,)

The right-hand side of this equation is the same as that
of Equation 12. Thus, the likelihood ratio and the opti-
mal (likelihood ratio) decision rule in this modified 4IAX
paradigm are the same as those in the standard 4IAX para-
digm with highly correlated observations. It is worth not-
ing that 62 does not appear in this equation. This indicates
that in this modified 4IAX paradigm, the optimal (likeli-
hood ratio) decision rule is unaffected by the degree of
correlation between the observations. This outcome may
seem counterintuitive. Indeed, given the seemingly slight
difference between the standard and the modified 4IAX
paradigms, it is surprising that performance depends so
much on roving in the former, but not in the latter. Some
intuition as to why this is the case can be gained by noting
that in the standard 41AX paradigm with independent ob-
servations, the likelihood ratio equation (Equation 6) in-
volves sums between the observations in each pair (y; +
¥, and y; + »,). The readers can easily convince them-
selves that the expected value of these sums will differ
depending on whether the stimuli that gave rise to the cor-
responding observations were identical or different. Thus,
the observer can benefit from comparing the value of the
two considered sums to some fixed internal reference—
corresponding, for instance, to the expected value of the
four observations. Obviously, if the stimuli are widely
roved, the values taken by the considered sums will vary
tremendously around the expected value. The reason the
sums are not useful in the modified 4IAX paradigm even
when the observations are independent is simply that since
the A and B stimuli are now equidistant to the reference
C stimulus, the expected value of the sum of the observa-
tions from each trial is the same regardless of whether the
two presented stimuli are identical or different.

One implication of this result, according to which, in
the equal variance Gaussian observations model consid-
ered here, the optimal decision rule for the modified 4IAX
paradigm does not depend on the degree of correlation
between observations, is that if this model is correct, per-
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formance in the modified 4IAX should be unaffected by
roving.* It will be interesting to see whether this prediction
is met by experimental results. If the experimental results
occasionally fail to conform to this prediction, it may pro-
vide insight into when and why observers do not behave
like the optimal likelihood ratio observers considered
here. If the discrepancy is more systematic, it would call
into question the validity of the simple signal detection
theoretic model for the 41AX paradigm considered in this
article and lead to the formulation of more elaborate models
in which performance can be affected by roving. One way
of achieving this would be, as Durlach and Braida (1969)
did, to add into the model an additional source of internal
noise, the magnitude of which depends on the number of
possible stimuli (or the range of stimulus variation) used in
the experiment. The outcome that roving is not required in
principle is also interesting from a practical standpoint. By
contributing to raise the observer’s uncertainty, the use of
roving may, in some cases, have undesirable consequences
on the measurement of performance. The present results
suggest that in such cases, the modified 4IAX paradigm
with a single, intermediate standard may be more suited
than the standard 4IAX paradigm with two possible stan-
dards. This will have to be checked empirically.

The Relationship Between d” and Proportion
Correct in the 4IAX Paradigm Under the
Equal-Variance Normally Distributed Static
Observations Model

An important question for the experimenter is the fol-
lowing: What proportion of correct responses will be
achieved by an observer following the above-described
optimal decision rule in the different versions of the
4IAX paradigm considered above? Clearly, a correct re-
sponse will occur each time that the pair indicated by the
observer happens to contain the two different stimuli. In
other words, a correct response will occur each time the
observer responds “first pair” and the different stimuli
were presented in the first pair or the observer responds
“second pair” and the different stimuli were presented
in the second pair. The response, “first pair” or “second
pair,” is determined entirely by the observations and the
decision rule. Therefore, knowing how the observations
are distributed and knowing the decision rule, we can
compute the probability that a given stimulus will be cor-
rectly responded to. This probability is the integral, over
the region that corresponds to the correct decision, of the
internal probability density function evoked by the con-
sidered stimulus.5 Formally,

Pc=
.”HR/[Y\ABAA(J’vyz’yy Wl ABAA)dyldyzdy3dy4, (19)

where R is the region of the decision space over which, in
this case, the likelihood ratio exceeds one. The main chal-
lenge in carrying out the integration properly is in defin-
ing the integration boundaries.

In the case of highly correlated observations, the so-
lution is relatively straightforward. It was published by

Macmillan et al. (1977) and has since then appeared in
other articles (e.g., Rousseau & Ennis, 2001). It is again
included and briefly discussed below, for completeness.
For the case of independent observations in the standard
41AX design, the solution is less straightforward and, to
our knowledge, has not been provided in earlier publica-
tions. It will be given below.

Standard 4IAX paradigm with highly correlated
observations. A formula giving the proportion of correct
responses as a function of d” for an optimal observer in the
standard 4IAX paradigm with highly correlated observa-
tions was provided by Macmillan et al. (1977). It is

e[l 4] [l

where @ denotes the normal integral. An alternative for-
mulation, involving a singly noncentral beta distribution,
was more recently described by Rousseau and Ennis
(2001). The alternative formulation has the computational
advantage of involving a single integral and constant lim-
its of integration but is otherwise equivalent to the more
traditional—and perhaps, more intuitively appealing—
formulation initially provided by Macmillan et al. It is
worth pointing out that Equation 20 is equivalent to the
equation provided by Noreen (1981) for an observer using
the independent observations strategy in the SD paradigm.
Thus, the relation between proportion correct and d” for an
observer using the differencing strategy in the 4IAX para-
digm is the same as that for an observer using the optimal
independent observations strategy in the SD paradigm.

The inverse relationship, giving d” as a function of Pc
for the 41AX paradigm with highly correlated observa-
tions, can be found by completing the square in Equa-
tion 20, yielding®

d' =207 [Pe L 1)
2 472

(20)

2D

where @~ denotes the inverse of the normal integral.

Some insight into how Equation 20 relates to the optimal
decision rule for the standard 41AX with highly correlated
observations (Equations 15-16) can be obtained by fol-
lowing Macmillan et al.’s (1977) argument. This argument
is cast in geometrical terms. It is based on the notion that
when the observations are represented in a two-dimensional
space whose axes correspond to the differences between the
observations from each pair (x; — x, and x; — x,), after a
45° rotation, the two decision regions defined by Equa-
tions 15 and 16 simply correspond to the upper-right and
lower-left quadrants if the likelihood ratio of Equation 14
is smaller than one (and Equation 16 is true) or to the
lower-right and upper-left quadrants if the likelihood ratio
of Equation 14 is larger than one (and Equation 15 is true).
The probability of a correct response equals the integral,
over the region defined by Equation 15, of the probability
density function of the differences between observations,
conditioned on D1—the event that the different stimuli
were in the first pair.

Modified 4IAX paradigm. The same geometrical ar-
gument can be used to show that Equations 20 and 21 also



apply in the case of the modified 4IAX paradigm with a
single, intermediate standard. Indeed, although there are
only four possible stimulus alternatives in this case, the
probability density functions in the (x; — x,) X (x3 — x,)
decision space have the same shape and relative positions
as those pictured by Macmillan et al. (1977). The readers
can easily convince themselves that this is the case by real-
izing that although the set of possible stimulus sequences
in the modified 4IAX paradigm is different from that in the
standard 4IAX paradigm, the sets of possible differences
between the observations from each pair are identical. Fur-
thermore, we have proven above that the optimal decision
rule for the modified 4IAX paradigm is the same as that for
standard 4IAX paradigm with highly correlated observa-
tions. Therefore, the decision regions are also the same.

Standard 4IAX paradigm with independent ob-
servations. One case not covered in the previous two
paragraphs is that of the standard 4IAX paradigm with in-
dependent observations. In this case, the relationship be-
tween proportion correct and d” is not as straightforward,
because the original four-dimensional decision space can-
not, without some loss of information, be reduced to a
two-dimensional space having as axes the differences be-
tween the two observations from each pair. One approach
that can be used to reduce the complexity of the problem?
is to first fix the product of the observations from one
pair—say, y, y,—at a certain value, ¢, and then to find the
boundaries of the region(s) of the y; X y, space over which
y3¥4 > c. The region(s) in question correspond(s) to the
case where the response is “first pair”; thus, all combina-
tions of observations falling into the considered region(s)
will yield a correct response from the optimal observer if
the first pair contains the different stimuli. Once y, and
¥, are fixed, y, can still take any value in the range from
— to +oc, but the value of y, is limited by the constraint
that y;y, > ¢, or equivalently, y, > c/y;. There are then
two cases, depending on the sign of ¢, as illustrated in
Figure 1. For ¢ > 0, we have (y,y,)/y; < y, < ®« when
y3 >0, and —% <y, < (y,»,)/y; when y; < 0. The cor-
responding correct decision region is shown in the upper
panel of Figure 1. For ¢ < 0, we have (y,1,); < y, <
o when y; > 0, and — < y, < (y,3,)/y; when y; < 0.
The corresponding correct decision region is shown in the
lower panel of Figure 1.

Since the limits of integration for the two considered
cases (¢ > 0 and ¢ < 0) are identical, the equation for the
probability of a correct response simplifies to

400400 400 400
Pe = J. J. J. .[ fY\ABAA(Y|ABAA)dy4dy3
—00 —00 0 M
V3
Ny
0 V3
+[ ] SramaalY |ABAA)dy,dyy|dy,dy,, (22)
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where fyapaa(YIABAA) is as defined above (in relation
to Equation 1).8 Since, in the case considered here, the
observations are independent, Equation 22 expands to
Equation 23 (see on following page).

\

Y3

\

7

NN

\

»
»

c<O0

Figure 1. A subset of the decision space for the four-interval AX
(4IAX) paradigm with independent observations. Because there
are four independent observations, the complete decision space
for this paradigm is four-dimensional. This figure shows only a
two-dimensional slice through this four-dimensional space. The
coordinates of points falling in this plane are the observations y;
and y,, corresponding to the second stimulus pair. The other two
observations, y; and y,, are assumed to be fixed. The circular con-
tours correspond to equidistant equal-probability contours on
the bivariate Gaussian probability density function of the y; and
4 observations, assuming that the ABAA stimulus is presented.
The other curves show contours corresponding to constant values
of the y, y, product, c. Two cases are considered: The case in which
¢ >0 is shown in the upper panel; the case in which ¢ <0 is shown
in the lower panel. The shaded areas show regions over which
Y3Y4> 1), in these two cases.




732 MICHEYL AND MESSING

400

+ +o0
Pc = ny]\ABAA (yl ‘ ABAA) Jf:vz\ABAA(yZ‘ABAA) gfy3\ABAA(y3|ABAA)

RIS
V3

0
+.[ fy3\ABAA (y3|ABAA) J fyA\ABAA (y4 | ABAA)dy4dy3 dy,dy,

Finally, assuming Gaussian probability density functions
for the individual observations,

Pe= [o(t) [(u) { Jo)[1- @ (w)]dy,
—o0 —o0 0

0
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Although Equation 24 is expressed here in terms of d,
rather than d’, it turns out that since—as was indicated in
the first section of the article—

d'=d/\e’c? /6% +1,

when the observations are independent and o2 = 0, the
term under the square-root sign is just one.

Figure 2 illustrates how the proportion of correct re-
sponses defined by Equation 24 increases with d”. For
comparison, we have also plotted in this figure the relation-
ship between proportion correct and d” for the 4IAX para-
digm with highly correlated observations, along with the
curves corresponding to other traditional paradigms, such
as yes—o, 2I-2AFC, and SD. It can be seen that the propor-
tion of correct responses in the 4IAX paradigm always falls
between that for the 2I-2AFC paradigm and that for the SD
paradigm. Furthermore, the proportion of correct responses
for the standard 4IAX paradigm with independent observa-
tions is larger than that for the standard 41AX paradigm
with highly correlated observations. This confirms Macmil-
lan et al.’s (1977) intuition that unless the observations are

400

[7 7,|ABAA (74| ABAA)dy,dy,
Ny

Y3

(23)

highly correlated, the differencing strategy, which consists
of comparing the differences between the two observations
from each pair, is suboptimal. Another point worth noting
regarding Figure 1 is that the function relating proportion
correct to d” for the standard 4IAX paradigm with highly
correlated observations, which is shown in this figure, is
identical to the function relating proportion correct to d” in
the modified 41AX paradigm (the reason for this has been
explained above; see the section entitled “The Likelihood
Ratio for the Modified 4IAX Paradigm”). It is also identi-
cal to the function relating proportion correct to d” for the
SD paradigm with independent observations, a formula for
which has been provided in earlier publications (Dai et al.,
1996; Noreen, 1981).

For readers interested in numerical values, the propor-
tions of correct responses that correspond, in the standard
41AX paradigm with independent observations, to d” val-
ues between 0 and 6 in steps of 0.01 are listed in Table 1.
The proportions of correct responses for the standard 4IAX
paradigm with highly correlated observations, which also
correspond to the modified 4IAX paradigm with a median
standard, are listed in Rousseau and Ennis (2001).

Summary and Limitations of the Present Work

In this article, we have derived a general equation for
the likelihood ratio in a static, equal-variance, normally
distributed observations model of the 4IAX paradigm, al-
lowing for an arbitrary degree of correlation between the
observations. We have shown that for the standard version
of this paradigm, which involves two stimuli (A and B)
and eight possible stimulus sequences, if the observations
are independent, this equation simplifies into a ratio of
two likelihood ratios based on the first and second obser-
vation pairs. This is consistent with the strategy described
by Noreen (1981). In the case of the standard 4IAX para-
digm with highly correlated observations, we showed that
the likelihood ratio equation simplifies into a ratio of two
even functions (cosh) having for argument a quantity pro-
portional to the difference between observations. Solv-
ing this equation for a likelihood ratio larger than one,
we proved that an optimal decision rule in this case is to
compare the unsigned differences between observations
from the first and the second pairs and to choose the pair
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Figure 2. Proportion correct as a function of 4’ in the four-interval AX (4IAX) and
other psychophysical paradigms for an unbiased observer. Far-dotted line, two-in-
terval two-alternative forced choice (2I-2AFC) paradigm; close-dotted line, yes/no
(YN) paradigm; dashed-and-dotted line, standard 41AX with independent observa-
tions (41AXio) paradigm; dashed line, standard 4IAX with highly correlated observa-
tions (4IAXhco) paradigm, modified 4IAX paradigm with an intermediate standard
(41AXm), or same—different with independent observations (SDio) paradigm (for these
three paradigms, the relationship between proportion correct and d’ is the same); solid
line, same—different with highly correlated observations (SDhco) paradigm.

associated with the larger difference. This is the differ-
encing strategy for the 4IAX paradigm, originally sug-
gested by Macmillan et al. (1977). We also considered a
modified version of the 4IAX paradigm, which uses as
standard an additional stimulus, C, located medially be-
tween Stimuli A and B along the sensory continuum. We
found that for this modified paradigm, irrespective of the
degree of correlation between observations, the optimal
(likelihood ratio) decision rule is the same as that for the
standard 4IAX paradigm with highly correlated observa-
tions. Finally, we showed how predicted proportions of
correct responses for an ideal observer in the different ver-
sions of the 4IAX paradigm can be derived by integrating
the conditional (Gaussian) probability density functions
of the observations over regions of the observation space
defined by the optimal decision rule. This led to the con-
clusion that the equation relating proportion correct to d”
in the modified 4IAX paradigm is the same as that for the
standard 4IAX paradigm with highly correlated observa-
tions. It also led to the derivation of a new solution for the
case of independent observations, which provides experi-
menters with a way of relating proportion correct to d” in
4TIAX experiments in which the stimuli are not roved.

The limitations of the present theoretical contribution
include the fact that the assumptions that were made, and
the simple models that were considered, ignore the pos-
sibility of context effects or other temporal-spatial in-
teractions between stimuli within or across trials; future
developments of this work may be able to take such phe-
nomena into account. The present work also ignores some
recent developments of signal detection theory, which
take into account the dynamic nature of the sensory in-
formation sampling process (e.g., Balakrishnan & Mac-
Donald, 2003). Finally, it is important to acknowledge that
in recent years, the basic assumptions of signal detection
theory have been questioned (e.g., Balakrishnan, 1998,
1999; Dzhafarov, 2003a, 2003b). The present theoretical
contribution obviously says nothing of the validity of the
theory. Studies involving detailed comparisons between
predictions from the models described here and actual
psychophysical data collected in experiments in which
the 4IAX paradigm has been used are needed to deter-
mine whether the assumptions underlying the considered
models are valid or not. Such comparisons between model
predictions and data have recently started to appear in the
literature (Micheyl & Oxenham, 2005).
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Table 1
Proportion of Correct Responses, Pc, as a Function of d”
for the Optimal Observer in the 4IAX Paradigm
With Independent Observations

d Pc d Pc
0.0 50 2.6 91
0.1 .50 2.7 92
0.2 50 2.8 93
0.3 S1 29 94
0.4 52 3.0 95
0.5 53 3.1 95
0.6 54 32 96
0.7 56 33 97
0.8 57 34 97
0.9 59 35 98
1.0 61 3.6 98
1.1 63 3.7 98
1.2 65 3.8 99
1.3 67 39 99
1.4 69 4.0 99
1.5 71 4.1 99
1.6 73 4.2 99
1.7 76 43 99
1.8 .78 4.4 1.00
1.9 .80 4.5 1.00
2.0 .81 4.6 1.00
2.1 .83 4.7 1.00
2.2 .85 4.8 1.00
2.3 .87 49 1.00
2.4 .88 5.0 1.00
2.5 .89 >5.0 1.00

Note—The Pc values were obtained by numerical evaluation of Equa-
tion 24 under MATLAB (The MathWorks Inc.) using Newton’s method
with an integration step size of 0.01. The infinite integration boundar-
ies in Equation 24 were replaced by d’—6 and d’+6, respectively. The
MATLAB code used to carry out these computations is available, upon
request, from the first author (cmicheyl@mit.edu).
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NOTES

1. In Noreen’s (1981) article, the likelihood ratio for the SD para-
digm with independent observations is the inverse of that indicated in
our Equation 7. This should be kept in mind when comparing Noreen’s
description of the optimal decision rule in the 4IAX paradigm with that
presented here. If the nominator and the denominator in the likelihood
ratio given by Equation 7 are swapped, the decision rule should be in-
verted. We chose Equation 7 here to be consistent with the article by
Dai, Versfeld, and Green (1996). The present Equation 7 is equivalent to
Equation 10 in that article.

2. This superficial analogy between the 4IAX and the 2I-2AFC para-
digms should not be interpreted to mean that the experimental results ob-
tained with the former can be treated simply as if they had been obtained
with the latter. In particular, as will be illustrated below, the relationship
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between proportion correct and d” is quite different in the two paradigms.
This is worth stressing because, in earlier studies, experimental data
collected with a 4IAX paradigm have been erroneously interpreted as
if they had been obtained with a 2I-2AFC paradigm, with important
theoretical implications (Micheyl & Oxenham, 2005).

3. The presence of the absolute value operator in this and the next solu-
tion comes from the fact that the hyperbolic cosine function is even.

4. Another situation in which roving should have no influence on
performance in the 4IAX paradigm is one in which listeners base their
decisions on just one stimulus pair, instead of using the observations
from both pairs. However, in this case, they should perform worse than
predicted, and their performance in the standard 4IAX paradigm should
also be independent of whether the stimuli are roved or not.

5. If the observer is unbiased (i.e., equally prone a priori to choose
the first pair or the second pair) and the different stimuli are equally
likely to occur on the first pair or the second pair, the probability of
responding “first pair” while the different stimuli are presented in the
first pair should equal the probability of responding “second pair” while
the different stimuli are presented in the second pair. Consequently, we
only have to compute one of these two probabilities in order to obtain
the probability of a correct response. Here, we choose to compute the
probability of correct responses for the situation in which the different
stimuli are in the first pair. Given this situation, there are four possible
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stimuli (ABAA, BAAA, ABBB, and BABB). However, because the dif-
ferent stimuli are equally likely and the probabilities correct conditioned
on any given stimulus are equal (by symmetry of the joint probability
function), we may solve for only one of the four stimulus cases. This is
done for ABAA, as an example. The equation for the proportion cor-
rect in the case in which the different stimuli occur in the second pair is
similar to Equation 24, except that the integration boundaries of y; are
swapped between the first and the second terms in brackets. This can
be understood by considering that the decision space for that case is the
same as that for the case treated here, after 90° rotation.

6. Although Equation 18 can be derived relatively straightforwardly
by completing the square in Equation 17, we provide the solution here
because the solution indicated in an earlier publication (Rousseau &
Ennis, 2001, Equation 6) was inaccurate.

7. The solution might be arrived at by using a decision space that has
for coordinates the products of the observations from each pair—that is,
the y,y, X y3y, space. This is not the approach that we have used here.

8. Note that the first integral within the brackets is for y; < 0, whereas
the second integral is for y; > 0; the inner integral is undefined when
y3=0.

(Manuscript received January 28, 2005;
revision accepted for publication July 25, 2005.)



